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Abstract: Credit rationing is a common feature of most developing economies. In response to it, the governments
of these countries often operate extensive credit programs and lend, either directly or indirectly, to the private
sector. We analyze the macroeconomic consequences of a typical government credit program in a small open
economy. We show that such programs increase long-run production if the economy is in a development trap and
that such programs often lead to endogenously arising aggregate volatility. On the other hand, they may eliminate
certain indeterminacies created by endogenous credit market frictions.
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41 Lqwurgxfwlrq
Lq prvw hfrqrplhv/ wkh jryhuqphqw lqwhuyhqhv lq wkh qdqfldo v|vwhp wr d frq0
vlghudeoh h{whqw1 Wklv lv sduwlfxoduo| wuxh lq ghyhorslqj frxqwulhv/ zkhuh fuhglw
pdunhw iulfwlrqv duh w|slfdoo| shufhlyhg wr eh odujh/ dqg zkhuh udwlrqlqj ri fuhglw
lv zlgh0vsuhdg14 Jryhuqphqw lqwhuyhqwlrqv lq fuhglw pdunhwv wdnh d ydulhw| ri
irupv/ lqfoxglqj gluhfwhg fuhglw surjudpv/ ordq jxdudqwhhv/ lqwhuhvw udwh frqwurov
ru vxevlglhv/ dqg gluhfw ohqglqj ru uhglvfrxqwlqj e| wkh Fhqwudo Edqn15 Lq wklv sd0
shu zh dqdo|}h wkh pdfurhfrqrplf frqvhtxhqfhv ri gluhfw jryhuqphqw ohqglqj ru
uhglvfrxqwlqj e| wkh fhqwudo edqn/ dowkrxjk rxu pdlq uhvxowv fdq dovr eh dssolhg
wr rwkhu odujh0vfdoh jryhuqphqw fuhglw surjudpv1
Fohduo|/ wkh pdlq prwlydwlrq ri vxfk jryhuqphqw surjudpv kdv ehhq wr h{whqg
fuhglw wr udwlrqhg djhqwv/ dqg wkhuhe| surprwh lqyhvwphqw/ fdslwdo dffxpxodwlrq/
dqg dq lqfuhdvh lq surgxfwlylw|1 Krzhyhu/ lq sudfwlfh jryhuqphqw fuhglw pdunhw
4Vhh Vplwk dqg Vwxw}hu +4<;<, ru Jdoh +4<<3, iru d glvfxvvlrq ri vrph lqwhuyhqwlrqv lq wkh
fuhglw pdunhw e| wkh jryhuqphqw lq wkh X1V1 Nkdwndwh +4<;5e,/ Fkdyh} +4<;6,/ Mrkqvrq +4<;6,/
Vwrfnkdxvhq +4<;6,/ ru Ekdww +4<;;, glvfxvv d uhsuhvhqwdwlyh vhw ri fuhglw pdunhw lqwhuyhqwlrqv lq
ghyhorslqj frxqwulhv1 Vhh PfNlqqrq +4<:6,/ Nkdwndwh +4<;5d/e,/ Gld}0Dohmdqgur +4<;8,/ Ekdww
+4<;;, dqg Fduwhu +4<;;, iru glvfxvvlrqv ri fuhglw udwlrqlqj lq wkhvh frxqwulhv1
5Iru h{dpsoh/ lq Wxunh| fhqwudo edqn uhglvfrxqwlqj zdv wkh grplqdqw prqhwdu| srolf| lq0
vwuxphqw lqwr wkh odwh 4<;3v +￿Wkh Wxunlvk Hfrqrp| dqg wkh Ilqdqfldo Vhfwru/￿ 4<<8/ s145,1
Fhqwudo edqn uhglvfrxqwlqj lq Ph{lfr lv glvfxvvhg/ iru h{dpsoh lq Fkdyh} +4<;6,1lqwhuyhqwlrqv kdyh riwhq ehhq ylhzhg dv frxqwhusurgxfwlyh/ uhgxflqj djjuhjdwh
fuhglw h{whqvlrq dqg lqwhuihulqj zlwk fdslwdo lqyhvwphqw16 Lq wklv sdshu zh xq0
g h u w d n hd qd q d o | v l vr iw k hd j j u h j d w hh  h f w vr io d u j h 0 v f d o hj r y h u q p h q wo h q g l q js u r 0
judpv ru ri wkh uhglvfrxqwlqj ri sulydwh ohqglqj e| d fhqwudo edqn1 Dprqj rwkhu
wklqjv/ zh irfxv rq wkh orqj0uxq rxwsxw frqvhtxhqfhv ri vxfk surjudpv1 Exw zh
dovr frqvlghu wkh hhfwv ri vxfk surjudpv rq htxloleulxp g|qdplfv/ dqg rq wkh
srwhqwldo iru wkh lqghwhuplqdf| ru pxowlsolflw| ri htxloleulxp1
Wr wkdw hqg/ zh uho| rq d frqyhqwlrqdo prqhwdu| jurzwk prgho +Gldprqg/
4<98,/ uhirupxodwhg vr wkdw fdslwdo lqyhvwphqw pd| uhtxluh ri h{whuqdo qdqfh1
Lq rxu prgho/ fuhglw udwlrqlqj dulvhv hqgrjhqrxvo| ehfdxvh ri d frvwo| vwdwh yhu0
lfdwlrq +FVY, sureohp7 lq fuhglw pdunhwv1 Prwlydwhg e| wkh suhvhqfh ri wklv
udwlrqlqj/ wkh jryhuqphqw +fhqwudo edqn, xwlol}hv vhljqrudjh lqfrph wr uhglvfrxqw
edqn ohqglqj ru wr vxevlgl}h sulydwh fuhglw h{whqvlrq1 Dovr/ lq nhhslqj zlwk wkh
flufxpvwdqfhv uhohydqw wr prvw ghyhorslqj frxqwulhv/ zh irfxv rq d vpdoo rshq
hfrqrp|1 Ixuwkhupruh/ lq rxu prgho/ ohqghuv duh vxemhfwhg wr d uhvhuyh uhtxluh0
phqw/ mxvw dv lqwhuphgldulhv duh lq prvw ghyhorslqj hfrqrplhv1
Lq wklv iudphzrun/ zh duh deoh wr rewdlq wkh iroorzlqj uhvxowv1 Iluvw/ li wkhuh
6Nkdwndwh +4<;5e, dqg Ekdww +4<;;, jlyh looxvwudwlyh h{dpsohv ri frxqwhusurgxfwlyh jryhuq0
phqw fuhglw surjudpv1
7Vhh Wrzqvhqg +4<:<,/ Gldprqg +4<;7,/ Jdoh dqg Khoozlj +4<;8,/ ru Zlooldpvrq +4<;9/
4<;:,1 Wkh vshfl￿f irupxodwlrq zh xwlol}h lv vlplodu wr wkdw lq Er|g dqg Vplwk +4<<:d/e,1
5lv dq| vwhdg| vwdwh htxloleulxp zkhuh fuhglw lv udwlrqhg grphvwlfdoo|/ wkhq wkhuh
duh w|slfdoo| dw ohdvw wzr vxfk htxloleuld1 Rqh kdv uhodwlyho| kljk fdslwdo vwrfn
dqg rxwsxw ohyho> zh uhihu wr wklv dv wkh kljk dfwlylw| vwhdg| vwdwh1 Wkh rwkhu
kdv d uhodwlyho| orz fdslwdo vwrfn dqg rxwsxw ohyho1 Pruhryhu/ iru d zlgh udqjh ri
sdudphwhu ydoxhv erwk vwhdg| vwdwhv fdq eh dssurdfkhg1 Khqfh ghyhorsphqw wudsv
duh srvvleoh> khuh wkhvh duh wkh frqvhtxhqfh ri d FVY sureohp lq fuhglw pdunhwv1
Wkh orqj0uxq djjuhjdwh frqvhtxhqfhv ri d jryhuqphqw ohqglqj surjudp wxuq
rxw wr ghshqg yhu| khdylo| rq zklfk ri wkh vwhdg| vwdwh htxloleuld suhydlov1 Lq
wkh kljk dfwlylw| vwhdg| vwdwh zh vkrz wkdw dq lqfuhdvh lq wkh yroxph ri jryhuq0
phqw ohqglqj +uhglvfrxqwlqj,  ru dq lqfuhdvh lq wkh pdjqlwxgh ri wkh lpsolhg
vxevlg| rq jryhuqphqw ordqv  qhfhvvdulo| uhgxfhv wkh orqj0uxq fdslwdo vwrfn dqg
rxwsxw ohyho/ dv zhoo dv wkh yroxph ri sulydwh fuhglw h{whqghg wr grphvwlf uhvl0
ghqwv1 Wkxv/ jryhuqphqw fuhglw pdunhw lqwhuyhqwlrqv duh frxqwhusurgxfwlyh  dw
ohdvw zlwk uhvshfw wr orqj0uxq rxwsxw  lq wkh kljk dfwlylw| vwdwh1 Wklv hhfw lv
uhyhuvhg/ krzhyhu/ zkhqhyhu wkh hfrqrp| lv fdxjkw lq d ghyhorsphqw wuds1 Lq
hvvhqfh/ wkhq/ wkh fdvh iru vxevlgl}hg jryhuqphqw ohqglqj dv d phdqv ri vwlpxodw0
lqj surgxfwlrq pd| pdnh vhqvh rqo| li wkh hfrqrp| lv vwudqghg lq d orz dfwlylw|
htxloleulxp wr ehjlq zlwk1
Zlwk uhvshfw wr vkruwhu0uxq skhqrphqd/ zh dovr vkrz wkdw wkh pdjqlwxgh ri
6jryhuqphqw ohqglqj vxevwdqwldoo| dhfwv wkh surshuwlhv ri g|qdplfdo htxloleuld/
wkh vfrsh iru lqghwhuplqdf| ri htxloleulxp dqg wkh srwhqwldo iru hqgrjhqrxvo|
dulvlqj yrodwlolw|1 Pruh vshflfdoo|/ zkhq jryhuqphqw fuhglw surjudpv duh qrw wrr
odujh/ zh vkrz wkdw wkh orz dfwlylw| vwhdg| vwdwh lv d vdggoh/ dqg wkh g|qdplfdo
htxloleulxp sdwkv dssurdfklqj lw gr vr prqrwrqlfdoo|1 Pdwwhuv duh pxfk glhuhqw
qhdu wkh kljk dfwlylw| vwhdg| vwdwh/ krzhyhu1 Lq sduwlfxodu/ zh vwdwh frqglwlrqv
zkhuh h{wuhpho| vpdoo jryhuqphqw ohqglqj ohdgv wkh kljk dfwlylw| vwhdg| vwdwh wr
eh d vlqn1 Vlqfh rxu hfrqrp| kdv rqo| d vlqjoh lqlwldo frqglwlrq/ wkh uhvxow lv dq
lqghwhuplqdf|> wkhuh duh pxowlsoh htxloleulxp sdwkv wkdw dssurdfk wkh kljk df0
wlylw| vwhdg| vwdwh1 Pruhryhu/ dv wkh vl}h ri wkh ri wkh jryhuqphqw fuhglw surjudp
lqfuhdvhv/ zh vwdwh frqglwlrqv xqghu zklfk g|qdplfdo htxloleuld dssurdfklqj wkh
kljk dfwlylw| vwhdg| vwdwh pxvw h{klelw  xfwxdwlrqv1 Lq hhfw/ wkhq/ jryhuqphqw
ohqglqj surjudpv ehfrph uhvsrqvleoh iru hqgrjhqrxvo| dulvlqj yrodwlolw|1 Wklv
yrodwlolw|/ frxsohg zlwk vrph ri wkh qglqjv ghvfulehg deryh/ vxssruwv wkh ylhz
wkdw wkhvh surjudpv pd| lqwhuihuh zlwk pdfurhfrqrplf shuirupdqfh1
Lqwhuhvwlqjo|/ dv jryhuqphqw fuhglw surjudpv ehfrph yhu| odujh/ wkh surshuwlhv
ri wkh g|qdplfdo htxloleuld qhdu hdfk vwhdg| vwdwh ehfrph yhu| glhuhqw1 Iru odujh
jryhuqphqw lqwhuyhqwlrqv wkh orz dfwlylw| vwhdg| vwdwh fdq ehfrph d vlqn/ zkloh
wkh kljk dfwlylw| vwhdg| vwdwh ehfrphv d vdggoh1 Zkhq wklv lv wkh fdvh/ wkh kljk
7dfwlylw| vwhdg| vwdwh lv qr orqjhu lqghwhuplqdwh1 Exw/ dv zh vkrz/ lw lv dovr wkh
fdvh wkdw sdwkv dssurdfklqj wkh kljk dfwlylw| vwhdg| vwdwh qhfhvvdulo| glvsod|
hqgrjhqrxvo| dulvlqj  xfwxdwlrqv dv wkh| gr vr1
Wklv odvw srlqw ghvhuyhv vrph hpskdvlv1 Dv d zkroh/ rxu uhvxowv lpso| wkdw
vpdoo jryhuqphqw fuhglw surjudpv zloo eh prvw frqgxflyh wr odujh rxwsxw ohyhov/
qhdu wkh kljk dfwlylw| vwhdg| vwdwh1 Exw wkh| fdq dovr hdvlo| ohdg wr wkh lqghwhu0
plqdf| ri htxloleulxp1 Odujh jryhuqphqw surjudpv kdyh dgyhuvh frqvhtxhqfhv
iru orqj0uxq rxwsxw +djdlq/ qhdu wkh kljk dfwlylw| vwhdg| vwdwh,/ dqg wkh| fdq ohdg
wr hqgrjhqrxvo| jhqhudwhg yrodwlolw|1 Exw wkh| duh frqvlvwhqw zlwk d ghwhuplqdwh
htxloleulxp1 Wkxv khuh dv hovhzkhuh/8 d whqvlrq ehwzhhq wkh ghwhuplqdf| dqg wkh
h!flhqf| ri htxloleulxp fdq hdvlo| dulvh1
Lqwxlwlyho| vshdnlqj/ zkdw dffrxqwv iru wkh vwhdg| vwdwh uhvxowv zh kdyh gh0
vfulehg deryhB Wkh dqvzhu kdv wr gr zlwk wkh lqwhudfwlrq ehwzhhq wkh FVY
sureohp/ wkh grphvwlf uhvhuyh uhtxluhphqw/ wkh rshudwlrq ri lqwhuqdwlrqdo fdslwdo
pdunhwv dqg wkh zd| wkh jryhuqphqw ohqglqj surjudp lv qdqfhg1 Lq d vpdoo rshq
hfrqrp|/ djhqwv ohqglqj grphvwlfdoo| pxvw uhfhlyh wkh suhydlolqj zruog uhdo uhwxuq
rq wkhlu lqyhvwphqwv1 Lq dgglwlrq/ wkh grphvwlf uhvhuyh uhtxluhphqw irufhv vxfk
djhqwv wr krog d sruwirolr frqvlvwlqj ri grphvwlf ordqv dqg grphvwlf uhdo edodqfhv1
8Vhh Vplwk +4<;</ 4<<4/ 4<<7, ru Zrrgirug +4<<7,1
8Lw lv wkh uhwxuq rq wklv sruwirolr wkdw pxvw pdwfk wkh zruog udwh ri lqwhuhvw1
Iru d jlyhq grphvwlf udwh ri lq dwlrq/ wklv uhwxuq lv fohduo| ghwhuplqhg e|
w k hu d w hr iu h w x u qr qo r d q v 1 L qw k hs u h v h q f hr iw k hF V Ys u r e o h p /w k hu h w x u q
rq grphvwlf ordqv ghshqgv rq wzr idfwruv= wkh grphvwlf pdujlqdo surgxfw ri
fdslwdo/ dqg wkh dprxqw ri lqwhuqdo qdqfh surylghg e| grphvwlf lqyhvwruv19 D
kljkhu grphvwlf fdslwdo vwrfn uhgxfhv wkh pdujlqdo surgxfw ri fdslwdo/ exw lw dovr
lqfuhdvhv wkh lqfrph ohyho dqg wkh txdqwlw| ri lqwhuqdo qdqfh  ri grphvwlf
lqyhvwruv1 Dv d uhvxow/ wkhuh duh wzr zd|v lq zklfk grphvwlf eruurzhuv fdq rhu
wkh qhfhvvdu| h{shfwhg uhwxuq rq ordqv1 Wkh| fdq hlwkhu kdyh d kljk fdslwdo vwrfn
dqg lqfrph ohyho/ d odujh yroxph ri lqwhuqdo qdqfh/ dqg d orz pdujlqdo surgxfw
ri fdslwdo/ ru wkh| fdq kdyh d orz fdslwdo vwrfn/ d orz yroxph ri lqwhuqdo qdqfh/
dqg d odujh pdujlqdo surgxfw ri fdslwdo1 Khqfh wkhuh zloo w|slfdoo| eh wzr vwhdg|
vwdwh htxloleuld= rqh zlwk d kljk/ dqg rqh zlwk d orz fdslwdo vwrfn1
Jryhuqphqw fuhglw surjudpv dhfw wkhvh htxloleuld lq wzr zd|v1 Zkhq wkh
jryhuqphqw lqfuhdvhv wkh pdjqlwxgh ri lwv ohqglqj  ru wkh lpsolhg vxevlg| rq d
jlyhq yroxph ri ohqglqj  lw pxvw qdqfh wklv e| sulqwlqj prqh|1 Wkxv wkh vwhdg|
vwdwh udwh ri lq dwlrq ulvhv1 Dw wkh vdph wlph/ wkh frvw ri ixqgv wr djhqwv ohqglqj
9Wkh srlqw wkdw wkh txdqwlw| ri lqwhuqdo ￿qdqfh d￿hfwv wkh udwh ri uhwxuq shufhlyhg e| h{whuqdo
lqyhvwruv lq wkh suhvhqfh ri d FVY sureohp zdv ￿uvw pdgh e| Ehuqdqnh dqg Jhuwohu +4<;<,1
9grphvwlfdoo|  qhw ri lpsolhg jryhuqphqw vxevlglhv  idoov1 Xqghu zhdn frqglwlrqv
wkh lqwhudfwlrq ri wkhvh wzr hhfwv lpsolhv wkdw wkh uhdo uhwxuq wkdw eruurzhuv
pxvw rhu ohqghuv ghfolqhv dv wkh pdjqlwxgh ri jryhuqphqw ohqglqj lqfuhdvhv1 Lq
wkh kljk +orz, dfwlylw| vwhdg| vwdwh wklv lv dffrpsolvkhg yld d ghfolqh lq wkh ohyho ri
lqwhuqdo qdqfh +wkh pdujlqdo surgxfw ri fdslwdo,/ dqg d fruuhvsrqglqj uhgxfwlrq
+lqfuhdvh, lq wkh vwhdg| vwdwh fdslwdo vwrfn1 Wklv fkdqjh lq wkh fdslwdo vwrfn dovr
sduwldoo| dffrxqwv iru wkh uhvxowv zh rewdlq uhjduglqj g|qdplfdo htxloleuld1
W k hu h p d l q g h ur iw k hs d s h us u r f h h g vd vi r o o r z v 1V h f w l r q5o d | vr x ww k hp r g h o
hqylurqphqw/ zkloh vhfwlrq 6 ghvfulehv wudgh lq fuhglw dqg idfwru pdunhwv1 Dv d
srlqw ri uhihuhqfh/ vhfwlrq 7 dqdo|}hv wkh jhqhudo htxloleulxp ri d forvhg hfrqrp|/
dqg vhfwlrq 8 wkhq h{dplqhv wkh vwhdg| vwdwh htxloleuld ri d vpdoo rshq hfrqrp|1
Vhfwlrq 9 wdnhv xs g|qdplfv/ dqg vhfwlrq : rhuv vrph frqfoxglqj uhpdunv1
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Frqvlghu d vpdoo rshq hfrqrp| frqvlvwlqj ri dq lqqlwh vhtxhqfh ri wzr0shulrg
olyhg/ ryhuodsslqj jhqhudwlrqv1 Hdfk jhqhudwlrq lv lghqwlfdo lq vl}h dqg frpsrvl0
wlrq/ dqg frqwdlqv d frqwlqxxp ri djhqwv zlwk xqlw pdvv1 Zlwklq hdfk jhqhudwlrq/
:djhqwv duh glylghg lqwr wzr w|shv= srwhqwldo eruurzhuv dqg ohqghuv1 D iudf0
wlrq k 5 Efc ri wkh srsxodwlrq lv srwhqwldo eruurzhuv1 Wkurxjkrxw/ zh ohw
| 'f c c lqgh{ wlph1
Dw hdfk gdwh d vlqjoh qdo jrrg lv surgxfhg xvlqj d frqvwdqw uhwxuqv wr vfdoh
whfkqrorj| zlwk fdslwdo dqg oderu dv lqsxwv1 Zh dvvxph wkh qdo jrrg wr eh
preloh dfurvv erughuv/ zkloh idfwruv ri surgxfwlrq duh lppreloh1 Ohw g| ghqrwh
wkh wlph | fdslwdo lqsxw/ dqg u| ghqrwh wkh wlph | oderu lqsxw ri d uhsuhvhqwdwlyh
up1 Wkhq lwv qdo rxwsxw lv 8Eg|cu |1 8 vdwlvhv wkh iroorzlqj frqglwlrqv= lw lv
lqfuhdvlqj lq hdfk dujxphqw/ vwulfwo| frqfdyh/ dqg 8Efcu'8 E gcf ' f krogv/
iru doo gcu1 Lq dgglwlrq/ li &  g
u lv wkh fdslwdo0oderu udwlr/ dqg li sE&  8E&c
ghqrwhv wkh lqwhqvlyh surgxfwlrq ixqfwlrq/ wkhq s￿ : f :s ￿￿ krogv ;&/d q gs
vdwlvhv wkh vwdqgdug Lqdgd frqglwlrqv1 Ilqdoo|/ zh dvvxph wkdw wkh lqkhulwhg
fdslwdo vwrfn dw gdwh | lv xvhg lq surgxfwlrq/ dqg wkdw wkhuhdiwhu lw ghsuhfldwhv
frpsohwho|1
Zlwk uhvshfw wr hqgrzphqwv/ doo |rxqj djhqwv duh hqgrzhg zlwk rqh xqlw ri
oderu/ zklfk lv vxssolhg lqhodvwlfdoo|/ dqg djhqwv duh uhwluhg zkhq rog1 Lqglylgxdov
rwkhu wkdq wkh rog ri shulrg }hur kdyh qr hqgrzphqw ri fdslwdo ru qdo jrrgv/
zkloh wkh lqlwldo rog djhqwv kdyh dq djjuhjdwh fdslwdo hqgrzphqw ri gf : f1
Djhqwv ri doo w|shv duh dvvxphg wr fduh rqo| derxw rog djh frqvxpswlrq dqg/
;lq dgglwlrq/ doo djhqwv duh ulvn qhxwudo1 Wkxv doo |rxqj shulrg lqfrph lv vdyhg1
Srwhqwldo eruurzhuv dqg ohqghuv duh glhuhqwldwhg e| wkh idfw wkdw hdfk sr0
whqwldo eruurzhu kdv dffhvv wr d vwrfkdvwlf olqhdu whfkqrorj| iru frqyhuwlqj gdwh |
qdo jrrgv lqwr gdwh | nfdslwdo1 Ohqghuv kdyh qr dffhvv wr wklv whfkqrorj|1
Wkh fdslwdo lqyhvwphqw whfkqrorj| kdv wkh iroorzlqj surshuwlhv1 Iluvw/ wkh
lqyhvwphqw whfkqrorj| lv lqglylvleoh= hdfk srwhqwldo eruurzhu kdv rqh lqyhvwphqw
surmhfw zklfk fdq rqo| eh rshudwhg dw wkh vfdoh ^1L q s d u w l f x o d u /^:fxqlwv ri
wkh qdo jrrg lqyhvwhg lq rqh surmhfw dw | |lhog 5^ xqlwv ri fdslwdo dw | n/z k h u h
5lv dq llg +dfurvv eruurzhuv dqg shulrgv, udqgrp yduldeoh/ zklfk lv uhdol}hg dw
|n1Z ho h wCghqrwh wkh suredelolw| glvwulexwlrq ri 5/ dqg dvvxph wkdw C kdv d
glhuhqwldeoh ghqvlw| ixqfwlrq } zlwk vxssruw dfc 7 5o1Z ho h w	 5ghqrwh wkh h{shfwhg
ydoxh ri 51
Wkh dprxqw ri fdslwdo surgxfhg e| dq| lqyhvwphqw surmhfw fdq eh revhuyhg
frvwohvvo| e| wkh surmhfw rzqhu1 Dq| djhqw rwkhu wkdq wkh surmhfw rzqhu fdq
revhuyh wkh uhwxuq rq wkh surmhfw rqo| e| ehdulqj d {hg frvw ri :fxqlwv ri
fdslwdo1:
:Wkdw lv/ lq yhuli|lqj wkh surmhfw uhwxuq/ ￿ xqlwv ri fdslwdo duh xvhg xs1 Wkh dvvxpswlrq wkdw
fdslwdo lv frqvxphg lq wkh yhul￿fdwlrq surfhvv iroorzv Ehuqdqnh dqg Jhuwohu +4<;<,1
<61 Wudgh
6141 Idfwru Pdunhwv
Zh dvvxph wkdw fdslwdo dqg oderu duh wudghg lq frpshwlwlyh pdunhwv dw hdfk gdwh1
Wkxv li | ghqrwhv wkh wlph | uhdo zdjh udwh dqg 4| lv wkh wlph | fdslwdo uhqwdo
udwh/ wkh vwdqgdug idfwru sulflqj uhodwlrqvklsv rewdlq=
4| ' s
￿E&| +614,
| ' sE&|  &|s
￿E&|  E&| +615,
Qrwlfh wkdw ￿E& : f krogv dqg/ lq dgglwlrq/ zh zloo dvvxph wkh iroorzlqj1
Dvvxpswlrq 41 ￿￿E& 	 f(;&  f
Dvvxpswlrq 4 lv vdwlvhg li/ iru h{dpsoh/ s lv dq| FHV surgxfwlrq ixqfwlrq
zlwk hodvwlflw| ri vxevwlwxwlrq qr ohvv wkdq rqh1 Dvvxpswlrq 4 jxdudqwhhv wkh
xqltxhqhvv ri d qrq0wulyldo vwhdg| vwdwh htxloleulxp lq wkh prgho zlwkrxw prqh|
dqg zlwkrxw dffhvv wr iruhljq fdslwdo pdunhwv1
436151 Fuhglw Pdunhwv
Doo |rxqj djhqwv dw | vxsso| rqh xqlw ri oderu lqhodvwlfdoo|/ hduqlqj wkh uhdo zdjh
udwh |1 Iru ohqghuv wklv lqfrph lv vdyhg/ hlwkhu lq wkh irup ri prqh|/ dvvhwv
lvvxhg deurdg/ ru ordqv wr grphvwlf eruurzhuv1 Xqghu wkh dvvxpswlrq wkdw wkh
grphvwlf frxqwu| lv vpdoo/ grphvwlf uhvlghqwv wkhq wdnh wkh zruog lqwhuhvw udwh dv
jlyhq1 Zh fdq wklqn ri doo grphvwlf fuhglw h{whqvlrq dv ehlqj lqwhuphgldwhg lq
wkh pdqqhu ghvfulehg e| Zlooldpvrq +4<;9,1
Srwhqwldo eruurzhuv dovr kdyh |rxqj shulrg lqfrph |/d q gz hz l o od v v x p h
wkdw wkh| pxvw rewdlq h{whuqdo qdqflqj wr rshudwh wkhlu lqyhvwphqw surmhfwv1
Dvvxpswlrq 51 ^: E & |iru doo uhohydqw ydoxhv ri &|
Ohw K| ghqrwh wkh dprxqw eruurzhg e| wkh rshudwru ri d ixqghg surmhfw +lq uhdo
whupv, dw |> fohduo|
K| ' ^  E&| +616,
Li srwhqwldo eruurzhuv zlvk wr rewdlq h{whuqdo ixqglqj 0 zklfk lv qhfhvvdu| wr
rshudwh wkhlu surmhfwv 0 wkh| gr vr e| dqqrxqflqj ordq frqwudfw whupv1 Wkhvh dq0
qrxqfhg frqwudfw whupv duh hlwkhu dffhswhg ru uhmhfwhg e| lqwhuphgldulhv= eruurz0
huv zkrvh whupv duh dffhswhg wkhq rshudwh wkhlu surmhfwv1 Iroorzlqj Zlooldpvrq
+4<;9/ 4<;:,/ d ordq frqwudfw frqvlvwv ri wkh iroorzlqj remhfwv1 Iluvw/ wkhuh lv d
44vhw ri surmhfw uhwxuq uhdol}dwlrqv | iru zklfk yhulfdwlrq ri wkh uhwxuq rffxuv dw
|1 Yhulfdwlrq ri surmhfw uhwxuqv grhv qrw rffxu li 5 5 |  dfc 7 5o  |1; Vhfrqg/
li 5 5 |/ wkhq wkh frqwudfwxdo uhsd|phqw fdq phdqlqjixoo| eh pdgh frqwlqjhqw
rq wkh surmhfw uhwxuq1 Wkxv li 5 5 | zh ghqrwh wkh surplvhg sd|phqw +shu xqlw
eruurzhg, e| -|E51 Rq wkh rwkhu kdqg/ li 5 5 | wkhq wkh ordq sd|phqw fdqqrw
phdqlqjixoo| ghshqg rq wkh surmhfw uhwxuq/ dqg wkh rqo| lqfhqwlyh frpsdwleoh
ordq frqwudfw rhuv dq xqfrqwlqjhqw sd|phqw ri %| +shu xqlw eruurzhg, iru doo
5 5 |1 Doo sd|phqwv vshflhg e| dq| ordq frqwudfw duh lq uhdo whupv1
Ordq frqwudfwv rhuhg e| eruurzhuv duh hlwkhu dffhswhg ru uhmhfwhg e| lqwhu0
phgldulhv zkr 0 zlwkrxw orvv ri jhqhudolw| 0 zh fdq wklqn ri dv pdnlqj doo grphvwlf
ordqv1 Wkxv lqwhuphgldulhv wdnh ghsrvlwv/ pdnh ordqv/ dqg frqgxfw prqlwrulqj ri
surmhfw uhwxuqv dv uhtxluhg e| wkh frqwudfwv wkh| dffhsw1 Zh dvvxph wkdw dq|
ohqghu fdq hvwdeolvk dq lqwhuphgldu|1 Wkhq/ lq htxloleulxp/ lqwhuphgldulhv zloo eh
shuihfwo| glyhuvlhg/ hduq }hur surwv/ dqg kdyh d qrqvwrfkdvwlf uhwxuq rq wkhlu
sruwirolrv1 Wkxv wkh| qhhg qrw eh prqlwruhg e| wkhlu ghsrvlwruv1<
Lqwhuphgldulhv dffhsw ghsrvlwv wdnlqj wkhlu jurvv rssruwxqlw| frvw0 o_
|n￿ eh0
;Zh wkxv devwudfw iurp vwrfkdvwlf vwdwh yhul￿fdwlrq1 Zkloh wklv lv d uhdo uhvwulfwlrq/ Er|g dqg
Vplwk +4<<7d, vkrz wkdw wkh zhoiduh jdlqv iurp vwrfkdvwlf prqlwrulqj duh wulyldo zkhq uhdolvwlf
sdudphwhu ydoxhv duh dvvxphg1
<Lqwhuphgldwlrq lq wklv frqwh{w lv glvfxvvhg e| Zlooldpvrq +4<;9,1 Vhh Nudvd dqg Yloodplo
+4<<5, iru d frqvlghudwlrq ri lqwhuphgldulhv wkdw fdqqrw shuihfwo| glyhuvli| ulvn1
45wzhhq | dqg | n0 dv jlyhq/ dqg wkh| dfw dv li wkh| fdq rewdlq dq| ghvluhg
txdqwlw| ri ghsrvlwv dw wkdw udwh1 Lw iroorzv wkdw lqwhuphgldulhv duh zloolqj wr
dffhsw ordq frqwudfw rhuv |lhoglqj dq h{shfwhg uhwxuq ri dw ohdvw o_
|n￿1W k x vo r d q










Lq sduwlfxodu/ h{shfwhg uhsd|phqwv pxvw dw ohdvw fryhu wkh lqwhuphgldu|*v frvw ri
ixqgv 0 o_





Wkh h{shfwhg prqlwrulqj frvw ghshqgv rq 4|n￿ ehfdxvh  xqlwv ri fdslwdo duh
h{shqghg zkhq surmhfw uhwxuqv duh yhulhg1 Ilqdoo|/ vlqfh rqo| surmhfw rzqhuv
gluhfwo| revhuyh surmhfw uhwxuqv/ wkh| pxvw kdyh wkh surshu lqfhqwlyhv wr fruuhfwo|
uhyhdo zkhq d prqlwrulqj vwdwh kdv rffxuuhg1 Wkh dssursuldwh lqfhqwlyh frqvwudlqw
lv
-|E5  %|( 5 5 |￿ +618,












Htxdwlrqv +619, dqg +61:, uhtxluh wkdw uhsd|phqwv qhyhu h{fhhg wkh uhdo ydoxh ri
wkh fdslwdo |lhoghg e| dq lqyhvwphqw surmhfw/ zklfk lq vwdwh 5 lv 5^4|n￿ dw | n 1
Eruurzhuv/ wkhq/ zloo pd{lpl}h wkhlu rzq h{shfwhg xwlolw| e| fkrlfh ri frq0
wudfw whupv/ vxemhfw wr wkh frqvwudlqwv mxvw ghvfulehg1 Wkhuhiruh/ dqqrxqfhg ordq









Wkh vroxwlrq wr wkh eruurzhu*v sureohp lv/ dv lv zhoo0nqrzq/ wr rhu d vwdqgdug
ghew frqwudfw +prglhg iru wkh suhvhqfh ri lqwhuqdo qdqfh,1 Lq sduwlfxodu/ wkh
e r u u r z h uh l w k h uu h s d | v% |+sulqflsdo soxv lqwhuhvw, ru hovh ghidxowv1 Lq wkh odwwhu
fdvh wkh ohqghu prqlwruv wkh surmhfw/ dqg uhwdlqv wkh surfhhgv ri wkh surmhfw qhw
47ri prqlwrulqj frvwv1 Irupdoo|/





( 5 5 | +61;,
| 'd f c

















Wkh surri ri Sursrvlwlrq 4 lv vwdqgdug/43 dqg zh rplw lw khuh1
Iru ixwxuh uhihuhqfh/ zh vxevwlwxwh +61;, dqg +61<, lqwr +6143,1 Wkhq/ wkh































Wkh ixqfwlrq Z jlyhv wkh h{shfwhg uhwxuq wr wkh ohqghu dv d ixqfwlrq ri wkh jurvv
43Vhh Jdoh dqg Khoozlj +4<;8, ru Zlooldpvrq +4<;9/ 4<;:,1
48ordq udwh/ %|/ wkh dprxqw ri h{whuqdo qdqfh uhtxluhg/ K|/ dqg wkh ixwxuh uhodwlyh
sulfh ri fdslwdo/ 4|n￿1
Lw zloo eh xvhixo lq zkdw iroorzv wr sxw vrph dgglwlrqdo vwuxfwxuh rq wkh ixqf0
wlrq Z1 Lq sduwlfxodu/ zh zloo dvvxph wkh iroorzlqj1
Dvvxpswlrq 61 }E5nE
￿
^ } ￿E 5f( iru doo 5 5 dfc 7 5o
Dvvxpswlrq 71 Z￿dfcE K|
4|n￿o : f
Dvvxpswlrq 6 lpsolhv wkdw Z￿￿ 	 f1 Wkxv/ li dvvxpswlrq 7 krogv/ wkh ixqfwlrq
Z kdv wkh frqjxudwlrq ghslfwhg lq Iljxuh 41 Hylghqwo|/ ghshqglqj rq wkh ydoxh ri
K|
4|n￿/ wkhuh lv d xqltxh ydoxh ri %| zklfk pd{lpl}hv wkh h{shfwhg uhwxuq wkdw fdq
eh rhuhg wr dq| ohqghu1 Zh zloo ghqrwh wklv ydoxh e| 	 %E K|
4|n￿/ zkhuh wkh ixqfwlrq








































zkhuh #:flv d frqvwdqw vdwlvi|lqj   E
￿
^}E#  CE#  f1 Zkhq doo srwhqwldo
49eruurzhuv duh rhulqj wkh lqwhuhvw udwh wkdw pd{lpl}hv d survshfwlyh ohqghu*v
h{shfwhg udwh ri uhwxuq/ # lv wkh fulwlfdo surmhfw uhwxuq iru zklfk d eruurzhu*v
surmhfw lqfrph h{dfwo| fryhuv ordq sulqflsdo soxv lqwhuhvw1 Lq rwkhu zrugv/ surmhfw
uhwxuq yhulfdwlrq rffxuv l 5 5 dfc#1
6161 Fuhglw Udwlrqlqj
Rqh ihdwxuh ri wkh hqylurqphqw xqghu frqvlghudwlrq 0 zklfk zdv ruljlqdoo| qrwhg
e| Jdoh dqg Khoozlj +4<;8, dqg Zlooldpvrq +4<;9/ 4<;:, 0 lv wkdw lw fdq doorz
iru wkh h{lvwhqfh ri xqixooohg ghpdqg iru fuhglw1 Lq sduwlfxodu/ li doo eruurzhuv
ghvluh wr rshudwh wkhlu surmhfwv dw gdwh |/ wkh wrwdo +shu fdslwd, ghpdqg iru fuhglw
lv k^1 Wkh wrwdo shu fdslwd vxsso| ri vdylqj lv E&| dw |1 Grphvwlf fuhglw ghpdqg
h{fhhgv grphvwlf fuhglw vxsso|/ dqg khqfh fuhglw pxvw eh udwlrqhg lq wkh forvhg
hfrqrp|/ li wkh iroorzlqj dvvxpswlrq krogv iru doo |  f1
Dvvxpswlrq 81 k^ : E&|
Zkhq fuhglw udwlrqlqj h{lvwv/ krzhyhu/ lw dovr pxvw eh wkh fdvh wkdw




4:Zkhq htxdwlrq +6147, krogv/ doo srwhqwldo eruurzhuv duh rhulqj wkh lqwhuhvw udwh
wkdw pd{lpl}hv d survshfwlyh ohqghu*v h{shfwhg udwh ri uhwxuq1 Udwlrqhg +xq0
ixqghg, srwhqwldo eruurzhuv fdqqrw wkhq rewdlq fuhglw e| fkdqjlqj ordq frqwudfw
whupv/ vlqfh grlqj vr vlpso| uhgxfhv wkh h{shfwhg uhwxuq shufhlyhg e| +doo, ohqghuv1
Wkxv li dvvxpswlrq 8 dqg htxdwlrq +6147, krog dw gdwh |/ fuhglw udwlrqlqj lv dq
htxloleulxp rxwfrph iru d forvhg hfrqrp|1 Zh khqfhiruwk irfxv rq hfrqrplhv
zkhuh fuhglw udwlrqlqj rffxuv dw doo gdwhv144
616141 Sd|rv Xqghu Fuhglw Udwlrqlqj
Zh qrz ghvfuleh wkh h{shfwhg sd|rv uhfhlyhg e| ohqghuv dqg +ixqghg, eruurzhuv
dw | zkhq fuhglw lv udwlrqhg1 Iru ohqghuv/ htxdwlrqv +6144, dqg +6147, lpso| wkdw
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44Wkh dvvxpswlrq wkdw fuhglw udwlrqlqj rewdlqv lv pdlqwdlqhg ehfdxvh lw uhvxowv lq d vxe0
vwdqwldo whfkqlfdo vlpsol￿fdwlrq1 Krzhyhu/ fuhglw udwlrqlqj lv fohduo| d zlghvsuhdg skhqrphqrq
lq ghyhorslqj frxqwulhv +PfNlqqrq/ 4<:6,/ dqg wkhuh lv vxevwdqwldo hylghqfh ri vljql￿fdqw ud0
wlrqlqj ri fuhglw hyhq lq wkh Xqlwhg Vwdwhv +Mdshool/ 4<<3,1 Wkhuhiruh wklv grhv qrw vhhp wr eh
dq hpslulfdoo| xquhdvrqdeoh dvvxpswlrq1
4;zkhuh o,
| ghqrwhv wkh jurvv uhdo uhwxuq rq ordqv1 Qrwh wkdw htxdwlrq +6148, dvvhuwv
wkdw wkh uhwxuq wr d ohqghu ehwzhhq | dqg |nghshqgv rqo| rq wkh udwlr
4|n￿
K| dqg
sdudphwhuv +dqg lv sursruwlrqdo wr wkdw udwlr, zkhq fuhglw udwlrqlqj rewdlqv1
Lw lv dovr vwudljkwiruzdug wr ghprqvwudwh wkdw wkh h{shfwhg xwlolw| ri d ixqghg






















Vlqfh dq| srwhqwldo eruurzhu dozd|v kdv wkh rswlrq ri iruhjrlqj klv surmhfw dqg
ghsrvlwlqj klv lqfrph lq d edqn/ doo srwhqwldo eruurzhuv fdq jxdudqwhh wkhpvhoyhv
wkh xwlolw| ohyho o_
|n￿|c zkhuh o_
|n￿ l vw k hu d w hr iu h w x u qr qg h s r v l w ve h w z h h q|






























4<Wkh yduldeoh  uhsuhvhqwv wkh h{shfwhg surmhfw |lhog shu xqlw lqyhvwhg/ xqghu fuhglw
udwlrqlqj/ qhw ri fdslwdo frqvxphg e| prqlwrulqj145 Vlploduo|/  ghwhuplqhv wkh










Wkhq +6149, uhgxfhv wr ^4|n￿E    o_
|n￿|
71 Jhqhudo Htxloleulxp
Dv d ehqfkpdun/ zh ehjlq e| frqvlghulqj d forvhg hfrqrp| frqiurqwhg zlwk wkh
fuhglw pdunhw iulfwlrq mxvw ghvfulehg1 Wklv vhfwlrq dovr surylghv d qxpehu ri
lqjuhglhqwv wkdw duh xvhixo iru wkh dqdo|vlv zklfk iroorzv1 Zh vwduw uvw zlwk d
qrq0prqhwdu| hfrqrp|/ dqg wkhq pryh rq wr frqvlghu wkh ehkdylru ri d prqhwdu|
hfrqrp| zkhq d uhvhuyh uhtxluhphqw kdv ehhq lpsrvhg rq djhqwv hqjdjhg lq
ohqglqj dfwlylw|146
45Ri frxuvh/ zh dvvxph wkdw !A3 =
46Iru d glvfxvvlrq ri d forvhg/ prqhwdu| hfrqrp|/ vhh Er|g dqg Vplwk +4<<:e,1
537141 D Forvhg Hfrqrp|
Zkhq fuhglw lv udwlrqhg/ ohw >| ghqrwh wkh iudfwlrq ri srwhqwldo eruurzhuv zkr gr
rewdlq fuhglw dw |1 Vlqfh hdfk ixqghg eruurzhu eruurzv K| ' ^  E&|/w r w d o+ s h u
fdslwd, ordqv duh k>|d^  E&|o1 Wkh wrwdo vxsso| ri vdylqjv lv E  kE&| soxv
kE  >|E&|/ vlqfh xqixqghg eruurzhuv vlpso| ghsrvlw wkhlu lqfrph zlwk dq
lqwhuphgldu| dqg/ lq hhfw/ ehfrph ohqghuv1 Wkxv dq htxdolw| ehwzhhq vrxufhv
dqg xvhv ri ixqgv uhtxluhv wkdw
k>|d^  E&|o ' E  kE&|nk E  >|E&| +714,
Htxdwlrq +714, uhgxfhv wr
k^>| ' E&| +715,
Dvvxpswlrq 8 lpsolhv wkdw >| 	  krogv/ iru doo |  f1
Xqghu rxu dvvxpswlrq wkdw uhwxuqv rq lqyhvwphqw surmhfwv duh llg dfurvv eru0
urzhuv/ wkh idfw wkdw wkhuh lv d odujh qxpehu ri eruurzhuv lpsolhv wkdw wkhuh
lv qr djjuhjdwh udqgrpqhvv lq wklv hfrqrp|1 Lq sduwlfxodu/ wkh wlph | nshu
fdslwd fdslwdo vwrfn lv vlpso| 	 5k^>| '	 5E&|/ ohvv fdslwdo h{shqghg rq prq0




^C E #   E & |xqghu fuhglw udwlrqlqj1 Wkxv
&|n￿ '
%






jlyhv wkh htxloleulxp odz ri prwlrq iru &| zkhq fuhglw lv udwlrqhg dw doo gdwhv1 Zh
zloo dgrsw wkh iroorzlqj dvvxpswlrq1
Dvvxpswlrq 91 ￿Ef : 
Zkhq dvvxpswlrq 9 krogv/ htxdwlrq +716, kdv wkh frqjxudwlrq ghslfwhg lq
Iljxuh 51 Pruh vshflfdoo|/ jlyhq dvvxpswlrq 4/ &|n￿ lv dq lqfuhdvlqj/ frqfdyh
ixqfwlrq ri &|1 Dvvxpswlrq 9 lpsolhv wkdw wkh orfxv ghqhg e| +716, olhv deryh wkh
78￿ olqh iru vx!flhqwo| vpdoo ydoxhv ri &|/ dqg vwdqgdug dujxphqwv hvwdeolvk wkdw
lw olhv ehorz wkh 78￿ o l q hi r uo d u j hh q r x j ky d o x h vr i& |1 Wkxv dvvxpswlrqv 4 dqg 9
lpso| wkh h{lvwhqfh ri d xqltxh ydoxh &W : f wkdw vdwlvhv &W ' E&W1 Fohduo|/
wklv vwhdg| vwdwh lv dv|pswrwlfdoo| vwdeoh1
Lq rughu iru fuhglw udwlrqlqj wr rewdlq lq wkh vwhdg| vwdwh/ lw lv qhfhvvdu| wkdw
&W vdwlvi| wzr frqglwlrqv1 Iluvw/
k^ : E&
W +717,
55pxvw krog vr wkdw dvvxpswlrq 8 lv vdwlvhg1 Vhfrqg/ lq dq hfrqrp| zlwk d vlqjoh
dvvhw/ wkh udwhv ri uhwxuq rq ghsrvlwv dqg ordqv pxvw eh htxdo1 Lw lv wkhq hdv| wr
yhuli| wkdw +6149, lv vdwlvhg l
d^  E&
Wo   +718,
Li +717,/ +718,/ dqg &f 	& Wkrog/ wkhq rxu hfrqrp| grhv h{shulhqfh fuhglw ud0
wlrqlqj/ dqg srwhqwldo eruurzhuv suhihu eruurzlqj ryhu ohqglqj dw doo gdwhv1 Lw lv
vwudljkwiruzdug wr surgxfh h{dpsohv zkhuh +717,/ +718,/ dqg rxu rwkhu dvvxpswlrqv
duh vdwlvhg1 Iru lqvwdqfh/ khuh lv rqh vxfk h{dpsoh1
H{dpsoh 4 Ohw sE&'& f ￿ D/^'2  2 /} E 5 '￿
7 5 zlwk 7 5 '2 f  f2/  '2 e  .e/d q g
k:f  bD krog1 Iru wkhvh sdudphwhu ydoxhv/  'D   dqg  'e  . 1 Wkhq wkh
xqltxh +qrqwulyldo, vwhdg| vwdwh fdslwdo vwrfn iru wkh forvhg/ qrqprqhwdu|
hfrqrp| lv &W 'S  D2H/ dqg lw lv hdv| wr yhuli| wkdw +717, dqg +718, duh
vdwlvhg1
7151 D Forvhg Prqhwdu| Hfrqrp| zlwk d Uhvhuyh Uhtxluhphqw
Lq wklv vhfwlrq zh lqwurgxfh wzr dgglwlrqdo idfwruv> prqh|/ dqg d uhvhuyh uhtxluh0
phqw wkdw lv lpsrvhg rq ohqghuv1 Pruh vshflfdoo|/ lq wklv vhfwlrq zh dvvxph wkdw
56wkhuh lv d frqvwdqw vwrfn ri grphvwlf fxuuhqf|/ lvvxhg lq wkh dprxqw P shu fdslwd1
Lq dgglwlrq/ zh dvvxph wkdw doo djhqwv pdnlqj ordqv duh vxemhfw wr d uhtxluhphqw
wkdw wkh| krog d fhuwdlq txdqwlw| ri wklv fxuuhqf| shu groodu ohqw1 Vxfk uhvhuyh
uhtxluhphqwv duh yhu| frpprq lq ghyhorslqj frxqwulhv ^vhh h1j1 Eurfn +4<;<, dqg
Hvslqrvd +4<<7,`1
Ohw R| ghqrwh wkh +grphvwlf, sulfh ohyho dw wlph w/ dqg ohw 6|  * R| eh wkh
shu fdslwd txdqwlw| ri uhdo edodqfhv1 Zh dvvxph wkdw doo ohqghuv duh vxemhfw wr
wkh uhtxluhphqw wkdw wkh uhdo edodqfhv wkh| krog htxdo dw ohdvw b wlphv wkh ydoxh
ri wkhlu ordq sruwirolr/ zkhuh wkh ydoxh b lv fkrvhq e| wkh jryhuqphqw1 Wkxv/ lq
wkh djjuhjdwh




s ￿E & | n￿￿
d^3￿E&|￿o  o,
| krogv/ wkhq wkh uhvhuyh uhtxluhphqw lq +719,
zloo eh elqglqj/ dqg doo ohqghuv 0 zkr zh fdq wklqn ri dv lqwhuphgldulhv 0 zloo krog
b xqlwv ri grphvwlf uhdo edodqfhv shu xqlw ohqw1 Khqfh wkh uhwxuq rq nbxqlwv
ri ixqgv ghsrvlwhg dw | 0r iz k l f kr q hx q l wl vo h q wd q gbxqlwv duh khog dv uhvhuyhv




























Qrwlfh wkdw Ew lv d frqyhqwlrqdo uhvhuyh uhtxluhphqw1 Wkurxjkrxw zh dvvxph
wkdw w: * 2 / vr wkdw wkh uhvhuyh uhtxluhphqw lv qrw wrr odujh1
Dv ehiruh/ vrxufhv ri ixqgv lq wklv hfrqrp| duh vlpso| shu fdslwd vdylqjv/
E&|c zkloh xvhv ri ixqgv duh lqyhvwphqwv/ k^>|c soxv wkh dffxpxodwlrq ri uhdo
edodqfhv/ 6|1 Khqfh vrxufhv dqg xvhv ri ixqgv duh htxdo zkhq
k^>| n 6| ' E&| +71;,





^d ^ E & |o
 +71<,
Zh qrz ghulyh wkh htxloleulxp odz ri prwlrq iru wkh grphvwlf fdslwdo vwrfn1
Fohduo|/ dw | n / wkh grphvwlf shu fdslwd fdslwdo vwrfn lv htxdo wr e 5k^>| plqxv
wkh fdslwdo h{shqghg rq prqlwrulqj dw |n/k>|CE# Lw iroorzv wkdw wkh fdslwdo














^d ^E & |o
 +7143,
Li ￿Ef : nb / wkhq wkh odz ri prwlrq jlyhq lq +71:, kdv wkh frqjxudwlrq
ghslfwhg lq Iljxuh 61 Xqghu wklv frqglwlrq wkhuh qhfhvvdulo| h{lvwv dw ohdvw rqh
qrqwulyldo fdslwdo vwrfn & vdwlvi|lqj +7143, zkhq &| ' &|n￿ ' & Pruhryhu/ li zh
ohw &, ghqrwh wkh odujhvw vwhdg|0vwdwh ohyho ri fdslwdo vwrfn/ lw lv hdv| wr vkrz wkdw
&, 	& Wkrogv1 Lw iroorzv wkdw dvvxpswlrq 8 zloo eh vdwlvhg/ lq wkh vwhdg| vwdwh/
li k^ : E&W rewdlqv1


















Wkh iroorzlqj sursrvlwlrq lv d vshfldo fdvh ri Kx|ehqv dqg Vplwk*v +4<<:, sursr0
vlwlrq 5=
Sursrvlwlrq 7141 +d, Wkh uhvhuyh uhtxluhphqw elqgv dw | dorqj wkh htxloleulxp
59sdwk ghqhg e| +7143, l
E&|n￿
nb





+e, Wkh uhvhuyh uhtxluhphqw elqgv lq dq| vwhdg| vwdwh zlwk fuhglw udwlrqlqj li
:s 3 ￿E ^ krogv1
Lq dgglwlrq/ wkh vwhdg| vwdwh uhwxuq rq prqh| lq wklv hfrqrp| lv jlyhq e|
-6 ' czkloh wkh vwhdg| vwdwh uhwxuq rq ordqv lv jlyhq e|
￿s￿E&￿
d^3￿E&￿o Khqfh wkh
uhvhuyh uhtxluhphqw elqgv lq vwhdg| vwdwh l ME& :  D vq r w h gl qs d u w+ e ,r i
wkh sursrvlwlrq/ wklv frqglwlrq pxvw eh vdwlvhg li Mds3￿E^o '
￿
s3￿E^￿ :  krogv
Ilqdoo|/ lw uhpdlqv wr vwdwh frqglwlrqv xqghu zklfk eruurzhuv zloo suhihu wr








Lw lv vwudljkwiruzdug wr fkhfn wkdw wklv frqglwlrq pxvw eh vdwlvhg li +718, krogv1
5:81 D Vpdoo Rshq Hfrqrp| zlwk Jryhuqphqw Fuhglw Vxevl0
glhv
Zh qrz wxuq wr rxu sulpdu| wdvn= wr h{dplqh krz jryhuqphqw fuhglw vxevlglhv
+xqghuwdnhq rq d odujh vfdoh, dhfw wkh htxloleuld ri d vpdoo rshq hfrqrp|1 Iru
reylrxv uhdvrqv/ zh irfxv rq prqhwdu| hfrqrplhv1 Lq dgglwlrq zh dvvxph wkdw
wkh grphvwlf jryhuqphqw lpsrvhv d uhvhuyh uhtxluhphqw rq doo djhqwv hqjdjhg
lq grphvwlf ohqglqj1 Vxfk dq dvvxpswlrq vhuyhv wzr sxusrvhv1 Iluvw/ iru prvw
ghyhorslqj frxqwulhv lw lv uhdolvwlf1 Vhfrqg/ lw hqdeohv wkh grphvwlf fxuuhqf| wr
eh khog hyhq wkrxjk lw lv grplqdwhg lq udwh ri uhwxuq1 Ilqdoo|/ zh dvvxph wkdw
jryhuqphqw ordq surjudpv duh qdqfhg yld prqh| fuhdwlrq1 Djdlq iru pdq|
ghyhorslqj frxqwulhv wklv lv txlwh uhdolvwlf1 Pruhryhu/ lw hqdeohv rxu prgho wr
fdswxuh dq lpsruwdqw dvshfw ri jryhuqphqw srolf| lq pdq| OGF*v= wkh fhqwudo
edqn lv surplqhqwo| hqjdjhg lq grphvwlf ohqglqj dqg lq uhglvfrxqwlqj wkh ordqv
ri sulydwh edqnv1 Wkh uhvrxufhv uhtxluhg wr gr wklv frph iurp sulqwlqj prqh|1
Riwhq/ wkh udwlrqdoh iru vxfk srolflhv lv wkdw qdqfldo pdunhw iulfwlrqv ohdg
fuhglw wr eh udwlrqhg grphvwlfdoo|1 Rqh vxfk iulfwlrq lv wkh FVY sureohp zklfk
dulvhv hqgrjhqrxvo|1 Zh qrz h{dplqh krz wklv iulfwlrq lqwhudfwv zlwk wkh rshu0
dwlrq ri lqwhuqdwlrqdo fdslwdo pdunhwv/ dqg zlwk wkh ohqglqj surjudpv frqgxfwhg
5;e| wkh jryhuqphqw1
8141 Lqwhuqdwlrqdo Fdslwdo Pdunhwv
Zh dvvxph wkdw wkh grphvwlf uhvlghqwv fdq eruurz dqg ohqg lq zruog fdslwdo
pdunhwv dw wkh zruog udwh ri lqwhuhvw -47 Vlqfh wkh grphvwlf frxqwu| lv dvvxphg
wr eh vpdoo/ wkh dfwlylw| ri lwv uhvlghqwv ru lwv jryhuqphqw grhv qrw dhfw wklv udwh1
Dv ehiruh/ zh dvvxph wkdw doo djhqwv ohqglqj grphvwlfdoo| duh vxemhfw wr d
uhvhuyh uhtxluhphqw wkdw/ iru hyhu| groodu ohqw/ b grooduv ri grphvwlf fxuuhqf|
pxvw eh khog1 Khqfh/ li 6|  |*R| ghqrwhv wkh shu fdslwd vxsso| ri grphvwlf
uhdo edodqfhv/ lq wkh djjuhjdwh 6| pxvw frqwlqxh wr vdwlvi| htxdwlrq +719,1 Li
-:krogv/ wkhq fohduo| wkh grphvwlf uhvhuyh uhtxluhphqw zloo eh elqglqj1 Lq
dgglwlrq/ zh dvvxph wkdw wkh grphvwlf frxqwu| rshudwhv xqghu d uhjlph ri  h{leoh
h{fkdqjh udwhv/ vr wkdw lw lv iuhh wr qdqfh lwv h{shqglwxuhv yld prqh| fuhdwlrq1
8151 Jryhuqphqw Fuhglw Srolf|
Zh dvvxph wkdw wkh grphvwlf jryhuqphqw frqgxfwv lwv ohqglqj srolf| e| uhglv0
frxqwlqj wkh ordqv ri sulydwh vhfwru edqnv1 Pruh vshflfdoo|/ iru hyhu| groodu ri
sulydwh vhfwru ohqglqj/ wkh jryhuqphqw h{whqgv *w grooduv ri fuhglw wr sulydwh
47U lv d jurvv uhdo udwh1 Dovr/ iruhljqhuv zkr ohqg lq wkh grphvwlf hfrqrp| duh vxemhfw wr
grphvwlf uhvhuyh uhtxluhphqwv1
5<edqnv1 Jlyhq wkh suhvhqfh ri elqglqj uhvhuyh uhtxluhphqwv lq rxu hfrqrp|/ wklv lv
htxlydohqw wr wkh dvvxpswlrq wkdw wkh jryhuqphqw ohqgv  wr hdfk edqn shu groodu
ri dvvhwv khog1 Fohduo|/ zh lpsrvh  5 dfco1
Rq hdfk xqlw wkdw wkh jryhuqphqw ohqgv/ lw fkdujhv wkh jurvv uhdo udwh ri
lqwhuhvw o1Z hd v v x p hw k d wokrogv dqg/ lq rughu iru jryhuqphqw ordqv wr eh
dwwudfwlyh wr edqnv/ -:opxvw krog lq htxloleulxp dv zhoo1 Zh gr qrw lpsrvh
wkdw o  -6
| pxvw eh vdwlvhg= li wklv frqglwlrq idlov wkh fhqwudo edqn fkdujhv
qhjdwlyh qrplqdo udwhv ri lqwhuhvw dw | Wklv fdq eh lqwhusuhwhg dv wkh jryhuqphqw
h{whqgv fuhglw lq frpelqdwlrq zlwk d vxevlg|1 Lq wkh h{wuhph fdvh o 'f cwkh
jryhuqphqw lv vlpso| rhulqj d oxps0vxp wudqvihu wr hdfk edqn1 Qrwh wkdw erwk
o dqg  duh srolf| sdudphwhuv wkdw duh vhohfwhg e| wkh jryhuqphqw1
Lq rughu wr qdqfh lwv ohqglqj dfwlylw|/ zh dvvxph wkdw wkh fhqwudo edqn lvvxhv
prqh|1 Dw gdwh w/ ohw >| ghqrwh wkh iudfwlrq ri grphvwlf eruurzhuv zkr uhfhlyh
ordqv1 Wkhq wkh sulydwh vhfwru h{whqgv ordqv zlwk d uhdo udwh ydoxh ri k>|d^ 
E&|odw w1 Wkh fhqwudo edqn qdqfhv d iudfwlrq  ri wklv ohqglqj> khqfh lwv
ordqv dw | htxdo k>|d^E&|o Vlploduo| zkhq wkh jryhuqphqw h{whqgv ordqv ri
k>|3￿d^E&|3￿o dw w04/ lwv lqwhuhvw lqfrph dw w htxdov ok>|3￿d^  E&|3￿o
Wkh glhuhqfh ehwzhhq wlph | ordqv dqg wlph | lqwhuhvw lqfrph pxvw eh qdqfhg




' k>|d^E&|o  ok>|3￿d^ E&|3￿o +814,
Fohduo|/ zkhq  'f cwkh jryhuqphqw surjudp lv lqdfwlyh1
8161 Jhqhudo Htxloleulxp
Zkhq -:krogv/ wkh uhvhuyh uhtxluhphqw qhfhvvdulo| elqgv1 Khqfh +719, krogv



















Lq dgglwlrq/ grphvwlf ohqghuv krog sruwirolrv zlwk d zhljkw w dwwdfkhg wr ordqv/








Hdfk edqn udlvhv ixqgv e| eruurzlqj d iudfwlrq E   r il w vi x q g vl qs u l y d w h
fdslwdo pdunhwv/ dqg lw eruurzv  iurp wkh jryhuqphqw1 Khqfh dq| edqn*v frvw ri
64ixqgv htxdov E -no Li wkhuh lv iuhh hqwu| lqwr grphvwlf ohqglqj hdfk edqn






nE w  -
6
| 'E  -no( |c +816,
pxvw rewdlq1
Htxdwlrqv +815, dqg +816, jryhuq wkh hyroxwlrq ri wkh grphvwlf fdslwdo vwrfn/
i&|j1 Kdylqj rewdlqhg wklv vhtxhqfh/ htxdwlrq +816, jlyhv wkh htxloleulxp lqyhuvh
lq dwlrq udwh/ -6
|  Ilqdoo|/ vrxufhv dqg xvhv ri ixqgv pxvw eh htxdo1 Vrxufhv ri
ixqgv duh grphvwlf shu fdslwd vdylqjv E&| Xvhv ri ixqgv duh grphvwlf lqyhvw0
phqwv/ k^>|c soxv uhdo edodqfhv 6|c soxv qhw fodlpv dftxluhg deurdg/ r|1 Khqfh
r| ' E&|  k^>|  6| ' E&|  E&|n￿*  6| +817,
Htxdwlrq +817, doorzv rqh wr ghgxfh wkh qhw  rzv ri fdslwdo lqwr dqg rxw ri wkh
grphvwlf frxqwu|1
8171 Vwhdg| Vwdwh Htxloleuld
Zh ehjlq rxu dqdo|vlv ri htxloleuld e| h{dplqlqj vwhdg| vwdwhv1 G|qdplfdo htxl0
oleuld duh vwxglhg lq vhfwlrq 91
65Lq vwhdg| vwdwh/ wkh jryhuqphqw exgjhw frqvwudlqw uhgxfhv wr
6E  -
6'E o  k>d^E&o +818,
Lq dgglwlrq zkhq wkh uhvhuyh uhtxluhphqw elqgv/ zh kdyh





k>d^  E&o +819,
Htxdwlrqv +818, dqg +819, lpso| wkdw wkh vwhdg| vwdwh uhwxuq rq uhvhuyhv lv jlyhq
e|
-






Li zh qrz ghqh wkh ixqfwlrq ME& e|
ME&'
s ￿E & 
d ^ E & o
c








'E  -no +81;,
66ru htxlydohqwo|/
wME&'-E  wnd o-nwE  oo +81<,
Hylghqwo|/ lq rughu wr fkdudfwhul}h vwhdg| vwdwhv/ lw zloo eh xvhixo wr nqrz pruh
derxw wkh ixqfwlrq ME& Vrph ri lwv surshuwlhv duh vwdwhg lq wkh iroorzlqj ohppd1
Ohppd 8141 Wkh ixqfwlrq M vdwlvhv
E@*  4
& < fM E & '4
E K  *4
&<￿ &
ME&'4 c eoe 	 &  3￿E^
ESM￿E&  f(&  s3￿E^c@ ? _
E _  M ￿E & f(&  s3￿E^
Surri1 Sduw +d, lv/ ri frxuvh/ lpphgldwh iurp wkh Lqdgd frqglwlrqv dqg Ef ' f1







Ohppd 4 lpsolhv wkdw wkh ixqfwlrq M kdv wkh frqjxudwlrq ghslfwhg lq Iljxuh
71 Wkh iroorzlqj sursrvlwlrq lv qrz lpphgldwh1
67Sursrvlwlrq 8151 +d, Vxssrvh wkdw
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3 ￿E ^ o +8143,








3 ￿E ^ o +8144,
Wkhq wkhuh lv qr prqhwdu| vwhdg| vwdwh zlwk fuhglw udwlrqlqj lq wkh suhvhqfh ri
iruhljq dvvhw  rzv dqg d uhvhuyh uhtxluhphqw1
Zkhq htxdwlrq +8143, lv vdwlvhg wkhuh duh wzr fdqglgdwh vwhdg| vwdwh htxl0
oleuld1 Wkhlu dvvrfldwhg fdslwdo vwrfnv duh ghqrwhg e| &￿ dqg &2 lq Iljxuh 71 Lq
dgglwlrq/ lq rughu wr yhuli| wkdw fuhglw lv udwlrqhg lq hdfk vwhdg| vwdwh/ lw lv qhf0
hvvdu| wr fkhfn wkdw wkh vroxwlrqv wr +81<, lpso| wkdw >	krogv1 Lw lv hdv|
wr vkrz wkdw >	lq hdfk vwhdg| vwdwh l &2*k^ 	  Lw lv dovr qhfhvvdu| wr
yhuli| wkdw -6 	-krogv/ vr wkdw wkh uhvhuyh uhtxluhphqw elqgv1 Wklv zloo eh
wkh fdvh li -: / dowkrxjk fohduo| wklv lv vx!flhqw udwkhu wkdq qhfhvvdu| iru wkh
68uhvhuyh uhtxluhphqw wr elqg1 Ilqdoo|/ zh pxvw fkhfn wkdw eruurzhuv suhihu eruurz0
lqj wr ohqglqj lq hdfk fdqglgdwh vwhdg| vwdwh1 Lw lv vwudljkwiruzdug wr yhuli| wkdw
wklv uhtxluhphqw ri htxloleulxp zloo eh vdwlvhg dw hdfk fdqglgdwh vwhdg| vwdwh li
E￿^3￿￿s￿E&2￿
￿E&2￿ :- 
Sduhqwkhwlfdoo|/ rqh pd| dvn krz fuhglw udwlrqlqj fdq dulvh lq d vpdoo rshq
hfrqrp|/ zklfk suhvxpdeo| fdq devrue odujh txdqwlwlhv ri ixqgv zlwkrxw dhfwlqj
zruog fdslwdo pdunhwvB Wkh dqvzhu ghulyhv iurp wkh suhvhqfh ri wkh FVY sure0
ohp1 Dw gdwh |/ wkh grphvwlf hfrqrp| kdv dq lqkhulwhg fdslwdo vwrfn/ &|1J l y h q& |
dqg E&| dqg jlyhq wkh shuihfw iruhvljkw grphvwlf sulfh ohyho vhtxhqfh iR|jc
grphvwlf eruurzhuv pxvw rhu d uhwxuq rq ordqv qr ohvv wkdq -  E  w-6 lq
rughu wr frpshwh iru ixqgv1 Wkh kljkhvw h{shfwhg uhwxuq wkdw grphvwlf djhqwv
fdq rhu dw |nlv s￿E&|n￿*d^E&|o Wkxv/ jlyhq &| dqg -6
| c wkhuh lv d odujhvw
ydoxh ri &|n￿ wkdw shuplwv grphvwlf eruurzhuv wr frpshwh lq lqwhuqdwlrqdo qdq0
fldo pdunhwv1 Fuhglw udwlrqlqj dulvhv/ wkhq/ ehfdxvh dq| ixuwkhu grphvwlf fuhglw
h{whqvlrq zrxog eh lqfrqvlvwhqw zlwk grphvwlf eruurzhuv rhulqj d frpshwlwlyh
udwh ri uhwxuq rq ordqv148
48Iru d vpdoo rshq hfrqrp| wkhuh pd| dovr eh htxloleuld lq zklfk fuhglw lv qrw udwlrqhg ^vhh
Kx|ehqv dqg Vplwk +4<<:,‘1 Lw lv hdv| wr ghvfuleh frqglwlrqv xqghu zklfk htxloleuld zlwkrxw
fuhglw udwlrqlqj kdyh wkh ihdwxuh wkdw doo grphvwlf lqyhvwphqw lv vhoi0￿qdqfhg1 Zkhq wklv lv wkh
fdvh/ d jryhuqphqw ordq surjudp zloo reylrxvo| eh luuhohydqw1 Iru wklv uhdvrq/ zh frq￿qh rxu
dwwhqwlrq wr htxloleuld lq zklfk fuhglw lv udwlrqhg1
69Zh forvh wklv vhfwlrq zlwk dq h{dpsoh ri dq hfrqrp| wkdw vdwlvhv doo ri rxu
dvvxpswlrqv1 Wkh h{dpsoh lv lghqwlfdo wr H{dpsoh 4/ h{fhsw iru wkh suhvhqfh ri
vxevlg| vfkhph1
H{dpsoh 51 Ohw b '2  2 cvr E  w' SH.Dc-'  fS/ o ' bSD dqg  ' f1
Wkhq &￿ ' 617335; dqg &2 'S  D221 Fohduo|/ &￿ 	& W	& 2 1L w l v d o v r
zruwk hpskdvl}lqj wkdw wklv hfrqrp| frqwlqxhv wr h{shulhqfh fuhglw ud0
wlrqlqj1 Wklv fdq eh hdvlo| yhulhg e| yhuli|lqj wkdw +717, dqg +718, frqwlqxh
wr eh vdwlvhg1
8181 Frpsdudwlyh vwdwlfv
Zh qrz h{dplqh wkh frpsdudwlyh vwdwlf frqvhtxhqfhv ri fkdqjhv lq zruog qdqfldo
pdunhwv/ dqg ri fkdqjhv lq jryhuqphqw srolf|1 Zh irfxv sduwlfxoduo| rq wkh fdslwdo
vwrfn dqg/ e| lpsolfdwlrq/ orqj0uxq uhdo dfwlylw| lq rxu dqdo|vlv1
Wkh hhfw ri dq lqfuhdvh lq wkh zruog lqwhuhvw udwh/ -/ ghshqgv rq zklfk
vwhdg| vwdwh rewdlqv/ dv looxvwudwhg lq Iljxuh 81 Lq wkh orz0fdslwdo0vwrfn vwhdg|
vwdwh/ dq lqfuhdvh lq wkh zruog lqwhuhvw udwh iurp - wr -￿ uhgxfhv wkh vwhdg| vwdwh
fdslwdo vwrfn/ zkloh wkh vdph lqfuhdvh udlvhv wkh fdslwdo vwrfn lq wkh kljk0fdslwdo0
vwrfn vwhdg| vwdwh1 Lqwxlwlyho|/ zkhq wkh zruog lqwhuhvw udwh ulvhv/ wkh uhwxuq rq
grphvwlf lqyhvwphqwv pxvw dovr ulvh lq rughu iru grphvwlf eruurzhuv wr frpshwh
6:lq lqwhuqdwlrqdo fdslwdo pdunhwv1 Lq wkh +orz, kljk fdslwdo0vwrfn vwhdg| vwdwh/ dq
lqfuhdvh lq wkh pdujlqdo surgxfw ri fdslwdo +dq lqfuhdvh lq wkh ohyho ri lqwhuqdo
qdqfh, lv uhtxluhg wr dffrpsolvk wklv/ vr wkdw wkh fdslwdo vwrfn pxvw idoo +ulvh,1
Dq lqfuhdvh lq  uhsuhvhqwv d srolf| ri d kljkhu ohyho ri fuhglw vxevlgl}dwlrq1
Wkh hhfw ri vxfk dq lqfuhdvh ghshqgv qrw rqo| rq zklfk vwhdg| vwdwh suhydlov/
exw rq wkh pdjqlwxgh ri uhvhuyh uhtxluhphqwv/ dqg rq wkh pdjqlwxgh ri wkh lp0
solflw vxevlg| surylghg e| wkh jryhuqphqw zkhq lw h{whqgv fuhglw wr edqnv1 Zh
khqfhiruwk dvvxph wkdw49
-:wnE w o
Xqghu wklv dvvxpswlrq/ wkh hhfw ri dq lqfuhdvh lq  lv ghslfwhg lq Iljxuh 91 Dq
lqfuhdvh lq  kdv wkh hhfw ri uhgxflqj +lqfuhdvlqj, wkh fdslwdo vwrfn lq wkh kljk
+orz,0fdslwdo0vwrfn vwhdg| vwdwh1 Lq hhfw/ wkh lqfuhdvh lq wkh vl}h ri wkh jryhuq0
phqw vxevlg| surjudp jlyhv edqnv dffhvv wr fkhdshu vrxufhv ri ixqgv1 Dv d uhvxow
ri frpshwlwlrq/ wkh }hur surw frqglwlrq lpsolhv wkdw wkh uhwxuq rq edqn ordqv
pxvw idoo> lq wkh kljk +orz,0fdslwdo0vwrfn0 vwhdg| vwdwh wklv uhtxluhv d uhgxfwlrq
lq wkh ohyho ri lqwhuqdo qdqfh +dq lqfuhdvh lq wkh pdujlqdo surgxfw ri fdslwdo,1
Wkxv wkh fdslwdo vwrfn pxvw idoo +ulvh,1 Dv d fruroodu|/ jlylqj edqnv dffhvv wr orz
49Wklv frqglwlrq lv lpsolhg e| rxu suhylrxv dvvxpswlrqv zkhqhyhu U A 4=
6;frvw ixqgv fdq eh frxqwhusurgxfwlyh dv pdq| kdyh dujxhg xqohvv wkh hfrqrp| lv
lq d orz dfwlylw| htxloleulxp1
Wkh hhfw ri dq lqfuhdvh lq o lv ghslfwhg lq Iljxuh :1 Dq lqfuhdvh lq o/i r u { h g
ydoxhv ri / udlvhv wkh frvw ri ixqgv wr edqnv/ dqg khqfh kdv dq hhfw rssrvlwh wr
wkdw ri dq lqfuhdvh lq 
91 G|qdplf Htxloleuld
Zkhq wkh uhvhuyh uhtxluhphqw elqgv/ htxdwlrqv +815, dqg +816, fdq eh xvhg wr












zkhuh E  E  - nE w  o : f dqg E    E n w1F o h d u o | w k h
hyroxwlrq ri wkh fdslwdo vwrfn lv jryhuqhg e| d vhfrqg rughu glhuhqfh htxdwlrq1
Zh qrz surfhhg dv iroorzv1
Ghqlqj
&|n￿ ' +|c +915,












Zh khqfhiruwk zrun zlwk wkh g|qdplfdo v|vwhp frqvlvwlqj ri htxdwlrqv +915, dqg
+916, 1
Lq rughu wr dqdo|}h orfdo g|qdplfv/ zh olqhdul}h +915, dqg +916, lq d qhljkeru0
krrg ri dq| vwhdg| vwdwh/ E&c+ Zh wkhq kdyh
E&|n￿  &c+|n￿  +
￿ ' aE&|  &c+| +
￿c
















zlwk doo sduwldo ghulydwlyhv hydoxdwhg dw wkh dssursuldwh vwhdg| vwdwh1 Lw lv vwudljkw0















































Qrwlfh wkdw +91;, fdq eh uhzulwwhq dv
AE&'n E 







Qrz/ zh zrxog olnh wr dqdo|}h htxloleulxp g|qdplfv lq d qhljkerukrrg ri
hdfk vwhdg| vwdwh1 Wkh qdwxuh ri wkhvh g|qdplfv ghshqg xsrq wkh vljqv ri AE&
74dqg (E&c z k l f kl qw x u qg h s h q gx s r qw k hv l j qr i E  E n w1 Fohduo|/
E : E	f krogv li 	E :  ￿ 3 w
w Wkxv/ jlyhq wkh uhvhuyh uhtxluhphqw E  w/
E lv srvlwlyh +qhjdwlyh, zkhq jryhuqphqw fuhglw surylvlrq lv uhodwlyho| vpdoo
+odujh,1 Zh qh{w frqvlghu hdfk fdvh vhsdudwho|1
9141 Fdvh 4= E : f
Zkhq E : f krogv/ zh kdyh (E& : f dqg AE& : 1 Khqfh wkh hljhqydoxhv
ri a duh hlwkhu erwk srvlwlyh uhdo qxpehuv/ ru wkh| duh frpsoh{ frqmxjdwhv1 Lq
dgglwlrq/ lw lv srvvleoh wr ghulyh yhu| ghqlwh frqfoxvlrqv derxw wkh orfdo vwdelolw|
surshuwlhv ri hdfk vwhdg| vwdwh1 Zh ehjlq zlwk wkh iroorzlqj uhvxow1
Sursrvlwlrq 9141 Zkhq E : f krogv/ AE&
:
￿n( E &l ^
:
￿sE&1
Surri1 Xvlqj wkh ghqlwlrqv ri E dqg E/ zh uhzulwh +81;, dv
wME&' E  E   +9144,












Sursrvlwlrq 914 kdv dq lpphgldwh fruroodu|= wkh orz0fdslwdo0vwrfn vwhdg| vwdwh
lv qhfhvvdulo| d vdggoh/ zkloh wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh lv hlwkhu d vrxufh
ru d vlqn1 Vshflfdoo|/ lw lv d vlqn +vrxufh, zkhq (E& 	 E:14: Lq dgglwlrq/ orfdo
g|qdplfv qhdu wkh orz0fdslwdo vwrfn vwhdg| vwdwh duh qhfhvvdulo| prqrwrqh1
Lq rughu wr vd| pruh derxw wkh surshuwlhv ri g|qdplfdo htxloleuld lq d qhljk0
erukrrg ri wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh/ zh khqfhiruwk dvvxph wkdw wkh
surgxfwlrq ixqfwlrq wdnhv wkh Free0Grxjodv irup sE&'&Bc zlwk B 5 Efc1
Xqghu wklv dvvxpswlrq/ (E&2 kdv d sduwlfxoduo| vlpsoh irup=
(E&2'E B   E   E 
3 ￿& 2M E & 2  +9146,
Wkhq/ lq sduwlfxodu/ (E&2 	 E: krogv l E  BEE3￿&2ME&2 	 E:
rewdlqv1 Zh fdq qrz vwdwh dq lpphgldwh lpsolfdwlrq ri wklv revhuydwlrq1
Sursrvlwlrq 9151 Wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh lv d vrxufh li
E  BEE3￿ : 
Surri1 Vlqfh &2  s3￿E^c& 2M E & 2M d s 3 ￿E ^ os3￿E^   pxvw krog1 Wkxv
(E&2  E  BEE3￿czklfk hvwdeolvkhv wkh uhvxow1
4:Vhh D}duldglv +4<<6,/ fkdswhu 9171





c E    E   3 ￿$4 / lw lv dssduhqw wkdw wkh kljk0fdslwdo0
vwrfn vwhdg| vwdwh zloo eh d vrxufh1 Wkxv fhuwdlq fkrlfhv ri wkh vl}h ri jryhuqphqw
fuhglw surjudpv zloo lpso| wkdw wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh fdqqrw eh
dssurdfkhg1
Zh qrz uhfdoo wkdw wkhuh duh wzr vwhdg| vwdwhv htxloleuld zlwk fuhglw udwlrqlqj
l +8143, krogv1 Vxssrvh wkdw4;=
E -:E  wnw
%

s 3 ￿E ^
&
krogv/ dqg ghqh wkh ydoxh W e|

W 
-  E  w  w
￿
s3￿E^￿
-  E  wo  w

Li zh dvvxph wkdw




s 3 ￿E ^ 
&
c
4;Frqglwlrq +l, dvvhuwv wkdw wkhuh pxvw eh wzr vwhdg| vwdwh htxloleuld zlwk fuhglw udwlrqlqj
zkhq Up @4krogv1
77wkhq W 5 Efc Lw lv wkhq hdv| wr yhuli| wkdw +8143, ^8144` krogv li 	E :   W 
Vwdwhg glhuhqwo|/ wkhuh duh wzr qrqwulyldo vwhdg| vwdwhv htxloleuld zlwk fuhglw
udwlrqlqj l 	 Wlv vdwlvhg1 Zh khqfhiruwk dvvxph wkdw wklv frqglwlrq rewdlqv1
Lw lv dovr xvhixo wr nqrz zkhq W 	 E: ￿3w
w krogv/ vlqfh li W 	 ￿3w
w c E  :flv
vdwlvhg iru doo   W Lw lv vwudljkwiruzdug wr yhuli| wkdw W 	 E: ￿3w
w rewdlqv
l






Ri frxuvh li W : ￿3w
w c wkhq wkh jryhuqphqw fdq vhw  lq vxfk d zd| wkdw wzr
vwhdg| vwdwh htxloleuld zlwk fuhglw udwlrqlqj h{lvw/ dqg wkdw E 	 f
D u p h gz l w kf r q g l w l r q vr qvxfk wkdw +8143, krogv/ zh duh qrz suhsduhg
wr vwdwh uhvxowv frqfhuqlqj krz wkh vwdelolw| surshuwlhv ri wkh kljk0fdslwdo0vwrfn
vwhdg| vwdwh ghshqg rq wkdw sdudphwhu1 Zh ehjlq zlwk wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 9161 Vxssrvh W 	 ￿3w
w krogv1 Wkhq iru  vx!flhqwo| forvh wr/ exw
ehorz Wc( E & 2	E :  krogv li
EE B  -	E : EwniEBd-oEwowj
5
7
-  E  w  w
￿
s3￿E^￿
-  E  wo  w
6
8
78W k hs u r r i vr is u r s r v l w l r q v9 1 6 /9 1 7d q g9 1 8f d qe hi r x q gl qw k hd s s h q g l { 1
Sursrvlwlrq 916 ghvfulehv zkdw kdsshqv iru odujh ydoxhv ri 1 Wkh qh{w sursrvlwlrq
ghvfulehv uhvxowv iru vpdoo ydoxhv ri 1
Sursrvlwlrq 9171 +d, Zkhq  'f	 Wkrogv/ wkh kljk0fdslwdo0vwrfn vwhdg|










dqg li fuhglw lv udwlrqhg E>	
+e, Zkhq  'f cwkh kljk0fdslwdo0vwrfn vwhdg| vwdwh lv d vrxufh li EB-:Ew
Zkhq E krogv/ wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh lv d vlqn zkhqhyhu wkh
jryhuqphqw fuhglw surjudp lv vx!flhqwo| vpdoo1
Ilqdoo|/ zh vwdwh frqglwlrqv xqghu zklfk E : f krogv/ dqg xqghu zklfk g|0
qdplfdo htxloleulxp sdwkv dssurdfklqj wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh glvsod|
gdpshg rvfloodwlrq1 Rxu uhvxowv dovr lpso| wkdw/ ghshqglqj rq wkh fkrlfh ri /w k l v
hqgrjhqrxvo| dulvlqj yrodwlolw| pd| gdpshq rqo| duelwudulo| vorzo|1 Wkxv orqj0
olyhg/ hqgrjhqrxvo| jhqhudwhg yrodwlolw| fdq hdvlo| eh revhuyhg iru vrph vhwwlqjv
ri jryhuqphqw srolf|1
Sursrvlwlrq 9181 Vxssrvh wkdw frqglwlrq +y, dqg W : ￿3w
w krog1 +d, Wkhq wkhuh
h{lvwv d ydoxh S 5 Efc ￿3w
w  vxfk wkdw/ zkhq  ' Sc(E& 2'krogv1 +e, Iru  lq
79dq h l j k e r u k r r gr i ScAE & 2 2	e ( E & 2krogv1 Frqvhtxhqwo|/ wkh hljhqydoxhv ri a
duh frpsoh{ frqmxjdwhv1
Reylrxvo|/ doo ri wkh suhfhglqj uhvxowv kdyh ehhq ghulyhg zkhq 	E ￿ 3 w
w
d  E   : fo Dvvxplqj  W : ￿3w
w krogv/ zh qrz frqvlghu wkh surshuwlhv ri g|qdplfdo
htxloleuld iru ydoxhv ri  vxfk wkdw :￿ 3 w
w 1
9151 Fdvh 5= E 	 f1
Zkhqhyhu E 	 f krogv/ zh kdyh (E& 	 f  Lw iroorzv wkdw a kdv wzr uhdo
hljhqydoxhv ri rssrvlwh vljqv1 Wkh orfdo vwdelolw| surshuwlhv ri wkh wzr vwhdg|
vwdwhv duh gudpdwlfdoo| dowhuhg uhodwlyh wr wkh E : f fdvh1 Iru qrwdwlrqdo
sxusrvhv/ ohw b￿ dqg b2 ghqrwh wkh hljhqydoxhv ri ac dqg ohw b￿ : f :b 2 1W k h q
zh kdyh wkh iroorzlqj uhvxowv1
Ohppd 9191 Ohw E 	 f krog1 Wkhq zh kdyh n( E & 2	A E & 2 vr wkdw b￿
: 1
Surri1 Iru E  	 f/ htxdwlrq +9145, dqg &2ME&2   lpso| wkdw n(E & 2 
AE & 2	f 
Wkh ohppd lpsolhv wkdw zkhq :￿ 3 w
wcwkh kljk0fdslwdo0vwrfn vwhdg| vwdwh
fdqqrw eh d vlqn1 Lw pxvw eh hlwkhu d vrxufh ru d vdggoh1 Zh fdq dovr hvwdeolvk
7:wkdw wkh orz0fdslwdo0vwrfn vwhdg| vwdwh fdqqrw eh d vrxufh1 Lw pxvw eh hlwkhu d
vlqn ru d vdggoh1
Ohppd 91:1 Ohw E 	 f krog1 Wkhq zh kdyh n( E & ￿:A E & ￿ vr wkdw b￿
	 
Surri1 Iru E  	 f/ n( E & ￿AE & ￿:firoorzv gluhfwo| iurp +9145, dqg
&￿ME&￿ 	s 3 ￿E ^  M d s 3 ￿E ^ o ' 1
Lw uhpdlqv wr vwxg| wkh pdjqlwxgh ri wkh qhjdwlyh hljhqydoxhv dw hdfk vwhdg|
vwdwh1 Wkh iroorzlqj ohppdv surylgh vrph xvhixo lqirupdwlrq xqghu wkh Free0
Grxjodv surgxfwlrq vshflfdwlrq1
Ohppd 91;1 Li n E  E  3 ￿f /w k h qb 2:  1
Surri1 Iurp +9143,/ zh kdyh
n(E &nAE &'E n E 
3 ￿ E E  Bd n &ME&o n 2B +9147,
Li nEE3￿ f/w k h qn(E&nAE&:flv vdwlvhg/ dqg wkh uhvxow iroorzv
^D}duldglv +4<<6,/ fkdswhu 917`
Ohppd 91; vwdwhv d frqglwlrq xqghu zklfk wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh
lv d vdggoh E 	b 2	f		b ￿  Wkxv wkh orfdo vwdelolw| surshuwlhv ri wkh
7;vwhdg| vwdwhv fdq eh uhyhuvhg zkhq E 	 f Lq sduwlfxodu/ wkhuh duh lqghwhupl0
qdflhv lq d qhljkerukrrg ri wkh orz0fdslwdo0vwrfn vwhdg| vwdwh zkhq E 	 f dqg
n E   E  3 ￿ f Xqghu wkh vdph frqglwlrqv/ wkhuh lv d xqltxh htxloleulxp
sdwk dssurdfklqj wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh1 Dw wkh vdph wlph/ sdwkv
dssurdfklqj wkdw vwhdg| vwdwh pxvw glvsod| hqgrjhqrxvo| dulvlqj  xfwxdwlrqv dv
wkh| gr vr1 Dv zh vkrz ehorz/ iru dssursuldwh fkrlfhv ri cwkrvh  xfwxdwlrqv zloo
gdpshq rqo| duelwudulo| vorzo|1
Ohppd 91; lpsolhv wkdw jryhuqphqw fuhglw srolflhv fdq srwhqwldoo| eh xvhg wr
uhqghu htxloleuld lq d qhljkerukrrg ri wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh ghwhupl0
qdwh1 Wklv lv fohduo| dq dujxphqw lq idyru ri vxfk srolflhv1 Krzhyhu/ ghwhuplqdf|
frphv dw wkh sulfh ri doorzlqj hqgrjhqrxvo| dulvlqj yrodwlolw| wr hphujh1
Zkhq h{dfwo| fdq jryhuqphqw srolf| eh xvhg wr lqgxfh ghwhuplqdf| ri htxl0
oleulxp lq d qhljkerukrrg ri wkh kljk0fdslwdo0vwrfn vwhdg| vwdwhB Wkh ghqlwlrqv
ri E dqg E lpso| wkdw n E  E  3 ￿fkrogv l
E n w  nE  -nE w o +9148,
Htxdwlrq +9148, uhtxluhv wkdw erwk w dqg  eh uhodwlyho| odujh1 Lq rwkhu zrugv/ wkh
kljk0fdslwdo0vwrfn vwhdg| vwdwh zloo eh d vdggoh li wkh uhvhuyh uhtxluhphqw Ew lv
7<vx!flhqwo| orz/ dqg li wkh vl}h ri wkh jryhuqphqw surjudp E lv uhodwlyho| odujh1
Qrw vxusulvlqjo|/ lw lv dovr srvvleoh wr vkrz wkh frqyhuvh= zkhq w dqg  duh
uhodwlyho| vpdoo/ frqvlvwhqw zlwk E 	 f/ wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh lv
d vrxufh1 Zh qrz vwdwh wkh uhohydqw uhvxow1
Ohppd 91<1 Li d n EE3￿o : 2B*E  Bc wkhq b2 	  dw wkh kljk0
fdslwdo0vwrfn vwhdg| vwdwh1
Surri1 Htxdwlrqv +9147, dqg &2ME&2   lpso| wkdw n( E & 2nAE & 2	f
qhfhvvdulo| krogv li d n E3￿Eo  2B*E  B Wkh uhvxow wkhq iroorzv
^D}duldglv +4<<6,/ fkdswhu 917`1
Wkh idfw wkdw b2 : E	   krogv dw wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh zkhq
 lv odujh +vpdoo, vxjjhvwv wkh h{lvwhqfh ri d fulwlfdo ydoxh/ ghqrwhg e / vxfk wkdw/
zkhq  @ e / b2 '  dw wkh kljk0fdslwdo0vwrfn vwhdg| vwdwh1 Wkh qh{w ohppd
frqupv wklv lqwxlwlrq1 Lw lv wkhq lpphgldwh wkdw/ iru vrph fkrlfhv ri  wkh kljk0
fdslwdo0vwrfn vwhdg| vwdwh lv d vdggoh/ dqg wkdw sdwkv wkdw dssurdfk lw glvsod|
rvfloodwlrq wkdw gdpshqv duelwudulo| vorzo|1
Ohppd 91431 Vxssrvh wkdw w  ￿no





vxfk wkdw n E  E  3 ￿'f Lq dgglwlrq/ wkhuh h{lvwv d ydoxh e  5
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￿3w
w c h 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vxfk











EdE  wo  -onwE
E2 : fc
vlqfh E 	 f dqg -:o 1 Pruhryhu/ lw lv vwudljkwiruzdug wr fdofxodwh wkdw
n E  E  3 ￿'fkrogv l
 '
- nE w
-nE wnd 2 woE  wo
 h c





 Ilqdoo|/ dw  ' h / Ohppd 91< lpsolhv
wkdw b2 : 1D v &5 ￿3w
w c E    E   3 ￿$ 4dqg Ohppd 9143 lpsolhv wkdw
b2 	 1 Wkh h{lvwhqfh ri wkh ghvluhg ydoxh e  wkhq iroorzv iurp wkh lqwhuphgldwh
ydoxh wkhruhp1
Ohppd 9143 qhduo| doorzv xv wr vwdwh dq hyhq vwurqjhu uhvxow1 Wkh ohppd
lpsolhv wkdw wkh g|qdplfdo v|vwhp ghqhg e| htxdwlrqv +915, dqg +916, xqghujrhv
d  ls elixufdwlrq dw  ' e 1 Wkxv wkhuh duh vroxwlrq vhtxhqfhv wr wkrvh htxdwlrqv
wkdw glvsod| xqgdpshg rvfloodwlrq1 Krzhyhu/ lw lv txlwh gl!fxow wr yhuli| wkdw vxfk
vhtxhqfhv zloo qhfhvvdulo| lpso| wkdw wkh uhvhuyh uhtxluhphqw elqgv dw hdfk gdwh/
84vr zh pxvw uhpdlq djqrvwlf dv wr zkhwkhu xqgdpshg rvfloodwlrq lv d srvvlelolw|1
:1 Frqfoxglqj Uhpdunv
Zh kdyh dqdo|}hg wkh hhfwv ri d jryhuqphqw fuhglw surjudp +uhglvfrxqwlqj, lq
d vpdoo rshq hfrqrp| zlwk d grphvwlf fuhglw pdunhw iulfwlrq1 Zh kdyh vhhq wkdw
vxfk d surjudp fdq srwhqwldoo| kdyh d srvlwlyh hhfw rq orqj0uxq rxwsxw ohyhov
rqo| zkhq wkh hfrqrp| lv lq d ghyhorsphqw wuds> rwkhuzlvh lw lv frxqwhusurgxfwlyh1
Zh kdyh dovr vhhq wkdw vxfk surjudpv fdq jlyh ulvh wr hqgrjhqrxv yrodwlolw|1 Rq
wkh rwkhu kdqg/ fhqwudo edqn uhglvfrxqwlqj rq d odujh vfdoh fdq uhqghu wkh kljk
dfwlylw| vwhdg| vwdwh ghwhuplqdwh1 Lq wklv vhqvh/ wkhuh lv d whqvlrq lq fhqwudo edqn
uhglvfrxqwlqj ehwzhhq wkh ghwhuplqdf| ri htxloleuld  rq wkh rqh kdqg  dqg wkh
ohyho ri rxwsxw dqg wkh yrodwlolw| ri rxwsxw dqg lq dwlrq/ rq wkh rwkhu1
Ri frxuvh wkhvh uhvxowv kdyh ehhq rewdlqhg rqo| iru rqh sduwlfxodu  doehlw
lpsruwdqw  nlqg ri surjudp= wkh fhqwudo edqn frqgxfwv prqhwdu| srolf| e| uh0
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